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Abstract. We describe explicit multiplicative excellent families of rational elliptic surfaces with 
Galois group isomorphic to the Weyl group of the root lattices -Ey or Eg. The Weierstrass coeffi- 
cients of each family are related by an invertible polynomial transformation to the generators of 
the multiplicative invariant ring of the associated Weyl group, given by the fundamental characters 
of the corresponding Lie group. As an application, we give examples of elliptic surfaces with mul- 
tiplicative reduction and all sections defined over Q for most of the entries of fiber configurations 
and Mordell-Weil lattices in IOS| . as well as examples of explicit polynomials with Galois group 
W(_E7) or WiEe). 



1. Introduction 

Given an elliptic curve E over a field K , the determination of its Mordell-Weil group is a fundamental 
question in algebraic geometry and number theory. When K = k(t) is a rational function field in 
one variable, this question becomes a geometrical question of understanding sections of an elliptic 
surface with section. Lattice theoretic methods to attack this problem were described in [Shlj . In 
particular, when f — >■ Pj is a rational elliptic surface given as a minimal proper model of 

+ ai{t)xy + a'i{t)y ~ + a2{t)x'^ + ai{t)x + a(,{t) 

with ai{t) G k[t] of degree at most i, the possible configurations (types) of bad fibers and Mordell- 
Weil groups were analyzed by Oguiso and Shioda |OS| . 

In |Sh2] . the second author studied sections for some families of elliptic surfaces with an additive 
fiber, by means of the specialization map, and obtained a relation between the coefficients of the 
Weierstrass equation and the fundamental invariants of the corresponding Weyl groups. This was 
expanded in |SU) , which studied families with a bad fiber of additive reduction more exhaustively. 
The formal notion of an excellent family was defined (see the next section), and the authors found 
excellent families for many of the "admissible" types. 

The analysis of rational elliptic surfaces of high Mordell-Weil rank, but with a fiber of multiplicative 
reduction, is much more challenging. However, understanding this situation is arguably more fun- 
damental, since if we write down a "random" elliptic surface, then with probability close to 1 it will 
have Mordell-Weil lattice Eg and twelve nodal fibers (i.e. of multiplicative reduction). To be more 
precise, if we choose Weierstrass coefficients ai{t) of degree i, with coefficients chosen uniformly at 
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random from among rational numbers (say) of height at most N, then as — >■ oo the surface will 
satisfy the above condition with probability approaching 1. One can make a similar statement for 
rational elliptic surfaces chosen to have Mordell-Weil lattice Ej, Eg, etc. 

In a recent work [Sh4] , this study was carried out for elliptic surfaces with a fiber of type I3 and 
Mordell-Weil lattice isometric to Eq, through a "multiplicative excellent family" of type Eq. We 
will describe this case briefly in Section [3l The main result of this paper shows that two explicitly 
described families of rational elliptic surfaces with Mordell-Weil lattices E^ or Es are multiplicative 
excellent. The proof involves a surprising connection with representation theory of the corresponding 
Lie groups, and in particular, their fundamental characters. In particular, we deduce that the 
Weierstrass coefficients give another natural set of generators for the multiplicative invariants of the 
respective Weyl groups, as a polynomial ring. We note that similar formulas were derived by Eguchi 
and Sakai |ESj using calculations from string theory and mirror symmetry. 

The idea of an excellent family is quite useful and important in number theory. An excellent 
family of algebraic varieties leads to a Galois extension F{fi)/F{X) of two purely transcendental 
extensions of a number field F (say Q), with Galois group a desired finite group G. This setup has 
an immediate number theoretic application, since one may specialize the parameters A and apply 
Hubert's irreducibility theorem to obtain Galois extensions over Q with the same Galois group. 
Furthermore, we can make the construction effective if appropriate properties of the group G are 
known (see examples [51 and [T^ for the case G — W{E^) or W{Es,)). At the same time, an excellent 
family will give rise to a split situation very easily, by specializing the parameters fi instead. For 
examples, in the situation considered in our paper, we obtain elliptic curves over (J{t) with Mordell- 
Weil rank 7 or 8 together with explicit generators for the Mordell-Weil group (see examples [71 and [T8| . 
There are also applications to geometric specialization or degeneration of the family. Therefore, it is 
desirable (but quite nontrivial) to construct explicit excellent families of algebraic varieties. Such a 
situation is quite rare in general: theoretically, any finite reflection group is a candidate, but it is not 
generally neatly related to an algebraic geometric family. Hilbert treated the case of the symmetric 
group Sn, corresponding to families of zero-dimensional varieties. Not many examples were known 
before the (additive) excellent families for the Weyl groups of the exceptional Lie groups Eq, Ej and 
i?8 were given in |Sh2j . using the theory of Mordell-Weil lattices. Here, we finish the story for the 
multiplicative excellent families for these Weyl groups. 

2. MORDELL-WEIL LATTICES AND EXCELLENT FAMILIES 

Let X A be an elliptic surface with section a ^ X, i.e. a proper relatively minimal model 
of its generic fiber, which is an elliptic curve. We denote the image of a by O, which we take to be 
the zero section of the Neron model. We let F be the class of a fiber in Pic(X) = NS(X), and let 
the reducible fibers of tt lie over vi, . . . S P^. The non-identity components of 7r~^(i/i) give rise 
to a sublattice Ti of NS(Ar), which is (the negative of) a root lattice (see [KoilT] ). The trivial lattice 
T is ZOqZF® (®Tj), and we have the isomorphism MW(X/pi) ^ NS(X)/T, which describes the 
Mordell-Weil group. In fact, one can induce a positive definite pairing on the Mordell-Weil group 
modulo torsion, by inducing it from the negative of the intersection pairing on NS(X). We refer the 
reader to jShll for more details. In this paper, we will call (BTi the fibral lattice. 

Next, we recall the notion of an excellent family with Galois group G from SU . Suppose X — >■ A" 
is a family of algebraic varieties, varying with respect to n parameters Ai,...,A„. The generic 
member of this family X\ is a variety over the rational function field kg ~ Q(A). Let k — ko he the 
algebraic closure, and suppose that C{X\) is a group of algebraic cycles on X\ over the field k (in 
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other words, it is a group of algebraic cycles on Xx Xkg k). Suppose in addition that there is an 
isomorphism : C{X\) Q = for a fixed vector space V, and C{Xx) is preserved by the Galois 
group Gal(fc/fco)- Then we have the Galois representation 

Px ■■ Gal(fc/fco) ^ Aut{C{Xx)) Ant{V). 

We let kx be the fixed field of the kernel of p^, i-e. it is the smallest extension of fco over which the 
cycles of C(A) are defined. We call it the splitting field oiC{Xx). 

Now let G be a finite refiection group acting on the space V. 

Definition 1. We say {Xx} is an excellent family with Galois group G if the following conditions 
hold: 

(1) The image of px is equal to G. 

(2) There is a Gal (fc/ fco )-equi variant evaluation map s : C{Xx) k. 

(3) There exists a basis {Zi, . . . , Z„} of C{Xx) such that if we set Ui — s{Zi), then ui, . . . , u„ 
are algebraically independent over Q. 

(4) Q[ui,...,Unf ^Q[Xl,...,Xn]- 

As an example, for G — W{Es), consider the following family of rational elliptic surfaces 

y^^X^ + X (^P20-6tA + {^P30-6jt^ + 

over fco = Q(A), with A — ip2,P8,Pi2,Pi4,Pi8,P20,P24,P3o)- It is shown in |Sh2| that this is an 
excellent family with Galois group G. The pi are related to the fundamental invariants of the Weyl 
group of Es, as is suggested by their degrees (subscripts). 

We now define the notion of a multiplicative excellent family for a group G. As before, X — >■ A" is 
a family of algebraic varieties, varying with respect to A = (Ai, . . . , A„), and C{Xx) is a group of 
algebraic cycles on Xx, isomorphic (via a fixed isomorphism) to a fixed abelian group M. The fields 
fco and fc are as before, and we have a Galois representation 

px ■■ Gal(fc/fco) ^ Ant{C{Xx)) Aut(M). 
Suppose that G is a group acting on AI. 

Definition 2. We say {Xx} is a multiplicative excellent family with Galois group G if the following 
conditions hold: 

(1) The image of px is equal to G. 

(2) There is a Gal (fc/ fco )-equi variant evaluation map s : C{Xx) —>■ fc*. 

(3) There exists a basis {Zi, . . . , Zn} of C{Xx) such that if we set Ui — s{Zi), then ui, . . . , u„ 
are algebraically independent over Q. 

(4) Q[ui, . . . ,un,u^\ . . . ,u-^f = Q[Xi, . . . , X„]. 

Remark 3. Though we use similar notation, the specialization map s and the Ui in the multiplicative 
case are quite different from the ones in the additive case. Intuitively, one may think of these as 
exponentiated versions of the corresponding objects in the additive case. However, we want the 
specialization map to be an algebraic morphism, and so in general (additive) excellent families 
specified by Definition [T] will be very different from multiplicative excellent families specified by 
Definition [2j 
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In our examples, G will be a finite reflection group aeting on a lattice in Euclidean space, which 
will be our choice for M. However, what is relevant here is not the ring of (additive) invariants 
of G on the vector space spanned by M . Instead, note that the action of G on M gives rise to a 
"multiplicative" or "monomial" action of G on the group algebra Q[Af], and we will be interested 
in the polynomials on this space which are invariant under G. This is the subject of multiplicative 
invariant theory (see, for example, [L]). In the case when G is the automorphism group of a root 
lattice or root system, multiplicative invariants were classically studied by using the terminology of 
"exponentiated" roots e" (for instance, see [Bl Section VI.3]). 

3. The Eq case 

We now briefly describe the construction of multiplicative excellent family in |Sh4] . Consider the 
family of rational elliptic surfaces S\ with Weierstrass equation 

y2 + txy = + (po + Vit + P2t^) x + qa + qit^ q2t^ + t^ 

with parameter A — {pQ,pi,p2, 90 j 91 1 92 ) • The surface S\ generically only has one reducible fiber at 
t = 00, of type I3. Therefore, the Mordell-Weil lattice M\ of S\ is isomorphic to Eq. There are 54 
minimal sections of height 4/3, and exactly half of them have the property that x and y are linear 
in t. If we have 

X = at + b 
y ~ ct + d, 

then substituting these back in to the Weierstrass equation, we get a system of equations, and we 
may easily eliminate b, c, d from the system to get a monic equation of degree 27 (subject to a 
genericity assumption), which we write as ^x{a) — 0. Also, note that the specialization of a section 
of height 4/3 to the fiber at 00 gives us a point on one of the two non-identity components of the 
special fiber of the Neron model (the same component for all the 27 sections). Identifying the smooth 
points of this component with Gm x {1} C Gm x (Z/3Z), the specialization map s takes the section 
to (— 1/a, 1). Let the specializations be Si = — l/a^ for 1 < i < 27. We have 

27 

1=1 

=n(x+i/.,) 

i=l 

= X^^ + e_iX26 + e_2^^^ + • • • + e^X'^ + e-^X^ + £3^^ + <^iX + 1. 

Here is the z'th elementary symmetric polynomial of the Si and e_i that of the 1 / Si. The coefficients 
of '^\{X) are polynomials in the coordinates of A, and we may use the equations for ei, £2, £3, £4, e_i 
and e_2 to solve for ■ ■ • i 93- However, the resulting solution has e_2 in the denominator. We may 
remedy this situation as follows: consider the construction of E^ as described in |Sh5j : let wi, . . . , ug 
be vectors in MP with {vi,Vj) = Sij + 1/3, and let u = (X^'^i)/^- The Z-span of Wi, . . . ,^6;^ is a 
lattice L isometric to Eq. It is clear that ui, . . . , ^5, u form a basis of L. Here, we choose an isometry 
between the Mordell-Weil lattice and the lattice L, and let the specializations of vi, . . . ,V(),u be 
si, . . . , sgj ^ respectively. These satisfy S1S2 . . . sq = r^ . The fifty-four nonzero minimal vectors of 
Eq split up into two cosets (modulo Eg) of twenty-seven each, of which we have chosen one. The 
specializations of these twenty-seven special sections are given by 

{si, . . . , S27} := {sr.l<i< 6} [J{s,/r : 1 < z < 6} |J{r/(s,Sj) : 1 < z < j < 6}. 
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Let 



5i 



i<j<k 



Then di belongs to the G — M^(i?6)-invariants of Q[si, . 
by exphcit computation in [Sh4 that 



,35 ,r ], and it is shown 



Q[si, . . . , S5, r, \ . . . , S5 \ r ^ Q[(5i, ei, 62, 63, e_i, e_2] 
The exphcit relation showing the second equality is as follows. 

Si = -2pi 

e-i = P2 - 92 

£2 = 13p2 +J5o - 92 

£-2 = -2piP2 + 6p2 + gi 

£3 = 8p2 + 2poP2 + - 6pi -90 + 9. 

We make the following additional observation. The six fundamental representations of the Lie 
algebra Eq correspond to the fundamental weights in the following diagram, which displays the 
standard labeling of these representations. 



O 
1 



3 



2 



-O- 
4 



5 



6 



The dimensions of these representations l/i, . . . , Vg are 27, 78, 351, 2925, 351, 27 respectively, and their 
characters are related to ei, £2, £3, £-1, £-2, Si by the following nice transformation. 



Xi = £1 
X4 = £3 



X2 = Si + 6 
X5 = £-2 



X3 = £2 

X6 = £-1- 



This explains the reason for bringing in 61 into the picture, and also why there is a denominator 
when solving for poi ■ • ■ j 92 in terms of £1, . . . , £4, £_i, £_2, as remarked in |Sh4] . The coefhcients ej 
are essentially the characters of A^V^ where = Vi is the first fundamental representation, while 
e-j are those of A^V*, where Vg = V* . Note that A^V = A^V* . Therefore, from the expressions 
for £1, £2, £3, £-1, £-2, we may obtain p2, 'Z2,P0j 9ii 90 5 in terms of the remaining variable pi, without 
introducing any denominators. However, representation V2 cannot be obtained as a direct summand 
with multiplicity 1 from a tensor product of A^V (for 1 < j < 3) and A'^V* (for 1 < A; < 2). On the 
other hand, we do have the following isomorphism: 



(¥2 (g) Vz) ® V5 © ^ A^Vi ® (t/3 (g) Ve) ® (Ve ® Ve[ 



Therefore, we are able to solve for pi if we introduce a denominator of £_2, which is the character 
of 14- 
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4. The Ey case 

4.1. Results. Next, we exhibit a multiplicative excellent family for the Weyl group of Er. It is 
given by the Weierstrass equation 

y2 + txy = x^ + {po + Pit + p2f) x + qo + qit + 92*^ + Qat^ ~ t^- 

For generic A = (po, ■ ■ ■ ,P2,Qo, ■ ■ ■ TQa)^ this rational elliptic surface Xx has a fiber of type I2 at 
t = 00, and no other reducible fibers. Hence, the Mordell-Weil group Mx is E^. We note that 
any elliptic surface with a fiber of type I2 can be put into this Weierstrass form (in general over a 
small degree algebraic extension of the ground field), after a fractional linear transformation of the 
parameter t, and Weierstrass transformations of x, y. 

Lemma 4. The smooth part of the special fiber is isomorphic to the group scheme Gm x Z/2Z. The 

identity component is the non-singular part of the curve y"^ + xy = x^ . A section of height 2 has 
X- and y-coordinates polynomials of degrees 2 and 3 respectively, and its specialization at t = 00 is 
(limt_>.oo(y + tx)/y, 0) £ k* X {0, 1}. A section of height 3/2 has x and y coordinates of the form 

x = at + b 

y = ct^ + dt + e. 

and specializes at t = 00 to (c, 1). 

Proof. First, observe that to get a local chart for the elliptic surface near t = 00. we sot x = x/u^, 
y = y/u^ and t = 1/u, and look for u near 0. Therefore, the special fiber (before blow-up) is 
given by y^ + xy = x^, where x = x\u=o and y = y|„=o are the reductions of the coordinates at 
u = respectively. It is an easy exercise to parametrize the smooth locus of this curve: it is given, 
for instance, hy x = s/{s — l)^,y = s/{s — 1)^. We then check that s = {y + x)/y and the map 
from the smooth locus to Gm which takes the point {x, y) to s is a homomorphism from the secant 
group law to multiplication in k* . This proves the first half of the lemma. Note that we could 
just as well have taken 1/s to be the parameter on Gm', our choice is a matter of convention. To 
prove the specialization law for sections of height 3/2, we may, for instance, take the sum of such a 
section Q with a section P of height 2 with specialization (s,0). A direct calculation shows that the 
y-coordinate of the sum has top (quadratic) coeflScient cs. Therefore the specialization of Q must 
have the form kc, where k is a constant not depending on Q. Finally, the sum of two sections Q\ 
and Q2 of height 3/2 and having coefficients ci and C2 for the t^ term of their y-coordinates can be 
checked to specialize to {c\C2, 0). It follows that k = ±1, and we take the plus sign as a convention. 
(It is easy to see that both choices of sign are legitimate, since the sections of height 2 generate a 
copy of Ej, whereas the sections of height 3/2 lie in the nontrivial coset of E^ m E^). □ 

There are 56 sections of height 3/2, with x and y coordinates in the form above. Substituting the 
above formulas for x and y into the Weierstrass equation, we get the following system of equations. 

c^ + ac+l = Q 
93 + aP2 + = (2c -|- a)d + be 
q2 + bp2 + Sa^b = (2c -|- a)e + {b + d)d 
qi + &Pi + apo + 3a6^ = {2d + b)e 
qo + bpo + b^ = 
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We solve for a and b from the first and second equations, and tfien e from the third, assuming 
c ^ 1. Substituting these values back into the last two equations, we get two equations in the 
variables c and d. Taking the resultant of these two equations with respect to d, and dividing by 
^30 ^^2 _ -|^-j4^ obtain an equation of degree 56 in c, which is monic, reciprocal and has coefficients 
in Z[A] = Z[j)o, • ■ • , 93]- We denote this polynomial by 

56 

*a(^) = n " *(-^)) ^ ^^'^ + ^1^^^ + ^2^^^ + • • • + eiX + eo, 

where P ranges over the 56 minimal sections of height 3/2. It is clear that a,b,d,e are rational 
functions of c with coefficients in fco- 

We have a Galois representation on the Mordell-Weil lattice 

Pa : Gal(fc/fco) ^ Aut(A/A) ^ Ant{E'^). 

Here Aut{E^) ^ Aut(£'7) = W{Ej), the Weyl group of type E^. The splitting field of Mx is the 
fixed field kx of Kei{px). By definition, Ga\{kx/ko) = lm{px). The splitting field kx is equal to the 
splitting field of the polynomial $a(X) over ko, since the Mordell-Weil group is generated by the 56 
sections of smallest height Pi = {ait + hi, Cit^ + dit + Ci). We also have that 

k\ = fco(Pi, . . . , Pse) = fco(ci, . . . ,C56). 

We shall sometimes write e" , (for a € E^ a minimal vector) to refer to the specializations of these 
sections c{Pi), for convenience. 

Theorem 5. Assume that A is generic over Q, i.e the coordinates Pq, ...,93 are algebraically inde- 
pendent over Q. Then 

(1) px induces an isomorphism Gal^kx/ka) = W{Ei). 

(2) The splitting field kx is a purely transcendental extension of Q, isomorphic to the function 
field Q_{Y) of the toric hypersurface Y C Gf^ defined by si . . . — r^ . There is an action of 
WiE'j) on Y such that = fcf '^'^ = fco- 

(3) The ring of W{Ey) -invariants in the affine coordinate ring 



Q[s,,r,l/s„I/r] 
(si . . . S7 - r^) 
is equal to the polynomial ring 
ivi^(£;7) _ 



[Sl,...,S6,?', Si 



'0,Pl,P2,'?0,9l,'72,'?3j 



In fact, we shall prove an explicit, invertible polynomial relation between the Weierstrass coefficients 
A and the fundamental characters for Ej. Let Vi, . . . , V7 be the fundamental representations of £"7, 
and xit ■ ■ tX7 their characters (on a maximal torus) , as labelled below. For a description of the 
fundamental modules for the exceptional Lie groups see [Cl Section 13.8]. 

O 2 

o o o o o o 

1 3 4 5 6 7 



Note that since the weight lattice E^ has been equipped with a nice set of generators (wi, . . . ,vt,u) 
with — 3u (as in [Sh5j ). the characters X1j---jX7 lie in the ring of Laurent polynomials 
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Q[si, r, 1/si, 1/r] where Si corresponds to e"* and r to e", and are obviously invariant under the 
(multiphcative) action of the Weyl group on this ring of Laurent polynomials. Explicit formulae for 
the Xi are given in the auxiliary files. 

We also note that the roots of $a are given by 

s,, — for 1 < i < 7 and — , — for 1 <i <j <7. 

Theorem 6. For generic A over Q, we have 

Q[xi, ■ • • ,X7] = Q[po,pi,P2, go, <?!, 92,53]- 

The transformation between these sets of generators is 
Xi = GP2 + 25 
X2 = 693 - 2pi 

X3 = -92 + lipl + 108p2 +PQ + 221 

X4 = Qql - 6pi93 - 92 - 90 + &pI + &5pl + (2po + 300)p2 + P? + lOpo + 350 
X5 = (6p2 + 26)^3 + qi - 2pip2 - lOpi 

X6 = -92+P2 + 12P2+27 
X7 = 93 

mi/i inverse 

P2 = (xi - 25)/6 
Pi = (6X7 - X2)/2 

Po = "(3x6 - 3x3 + Xi - 2x1 + 7)/3 
93 = X7 

92 = -(36X6 -X?- 22x1 + 203)/36 
91 = (24x7 + 6X5 + (-X1 - 5)x2)/6 
go - (27x^ - Sxl - 84x? + 120xi - 136)/108 
- (Xi + 2)x6/3 - X4 + (Xi + 5)x3/3. 

We note that our formulas agree with those of Eguchi and Sakai [ESj , who seem to derive these by 
using an ansatz. 

Next, we describe two examples through specialization, one of "small Galois" (in which all sections 
are defined over Q[t]) and one with "big Galois" (which has Galois group the full Weyl group). 

Example 7. The values 

Po = 244655370905444111/(3At^), pi = -4788369529481641525125/(16At^) 

93 = 184185687325/(4^), p2 = 199937106590279644475038924955076599/(12/) 

92 = 57918534120411335989995011407800421/(9/) 

91 = -179880916617213624948875556502808560625/(4//) 

90 = 35316143754919755115952802080469762936626890880469201091/(1728/), 
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where fj, — 2-3-5-7-ll-13-17= 102102, give rise to an elliptic surface for which we have r = 2, si = 
3, S2 — 5, S3 — 7, S4 = 11, S5 = 13, sg — 17, the siniplest choice of multiplicatively independent 
elements. The Mordell-Weil group has a basis of sections for which c € {3, 5, 7, 11, 13, 17, 15/2}. We 
write down their x-coordinates below: 

x{Pi) = -(10/3)f- 707606695171055129/1563722760600 

xiP2) = -(26/5)i- 611410735289928023/1563722760600 

xiPs) = -(50/7)f- 513728975686763429/1563722760600 

x{P4) = -(122/ll)f- 316023939417997169/1563722760600 

xiP-o) = -(170/13)i- 216677827127591279/1563722760600 

xiPe) = -(290/17)i- 17562556436754779/1563722760600 

x{Pr) ^ -(229/30)i- 140574879644393807/390930690150. 

In the auxiliary files the a;-and y-coordinates are listed, and it is verified that they satisfy the 
Weierstrass equation. 

Example 8. The value A = Aq := (1,1,1,1,1,1,1) gives rise to an explicit polynomial f{X) — 
'^^oi^)^ given by 

f{X) ^ X^^ - X^^ + iOX^^ ~ 22X^^ + 797X^2 _ iqqx^^ + 9878^^° - 1513X^^ 
+ 82195X*** - 17689^''^ + 496844X^^ - 175584^''^ + 2336237X^* 

- 1196652X*3 + 8957717X^2 _ 5726683X''i + 28574146X^" 

- 20119954X^^ + 75465618^3*^ - 53541106X''^^ + 163074206^^^ 

- 110505921^3^ + 287854250X^4 - 181247607X^3 + 420186200X^2 

- 243591901X31 + 518626022X3° - 278343633X^9 + 554315411X2^ 

- 278343633X2^ + 518626022X2*^ - 243591901X2^ + 420186200X2^ 

- 181247607X23 + 287854250X22 - 110505921X2^ + 163074206X2° 

- 53541106X^9 + 75465618X1® - 20119954X1^ + 28574146X1^ 

- 5726683X1^ + 8957717X" - 1196652X13 + 2336237X12 

- 175584X11 + 496844X1° - 17689X9 + 82195X® - 1513X^ 
+ 9878X^ - 190X^ + 797X* - 22X3 _^ 4q^2 _ ^ + 1, 

for which we can show that the Galois group is the full group W{Ej), as follows. The reduction of 
/(X) modulo 7 shows that Froby has cycle decomposition of type (7)®, and similarly, Frobioi has 
cycle decomposition of type (3)2(5)'i(15)2. This implies, as in |Sh31 Example 7.6], that the Galois 
group is the entire Weyl group. 

We can also describe degenerations of this family of rational elliptic surfaces X^ by the method of 
"vanishing roots" , where we drop the genericity assumption, and consider the situation where the 
elliptic fibration might have additional reducible fibers. Let ^ : y — >■ be the finite surjective 
morphism associated to 

Q[po, . . . , 93] Q[Y] = Q[si, ...,se,r,s^\..., s^\r-^]. 

For ^ = (si, . . . , S7, r) G Y, let the multiset IIj consist of the 126 elements s^/r and r/s; (for 
1 < i < 7), Si/sj (for 1 < j 7^ j < 7) and SiSjSk/r and r/{siSjSk) ior 1 < i < j < k < 7, 
corresponding to the 126 roots of Ej. Let 2:/(^) be the number of times 1 appears in llj, which is 



10 



ABHINAV KUMAR AND TETSUJI SHIODA 



also the multiplicity of 1 as a root of ^a(-'^^) (to be defined in Section l4?2l) . where A — ipiO- We call 
the associated roots of the vanishing roots, in analogy with vanishing cycles in the deformation 
of singularities. By abuse of notation we label the rational elliptic surface Xx as X^. 

Theorem 9. The surface X^ has new reducible fibers (necessarily at t ^ oo) if and only if h'{^) > 0. 
The number of roots in the root lattice Tnew is equal to 2i/(^), where Tnew '■= (Bv^ooTy is the new 
part of the trivial lattice. 



We may use this result to produce specializations with trivial lattice including Ai , corresponding to 
the entries in the table of jOSj Section 1]. Note that in earlier work |Sh2| ISU] . examples of rational 
elliptic surfaces were produced with a fiber of additive type, for instance, a fiber of type III (which 
contributes Ai to the trivial lattice) or a fiber of type II. Using our excellent family, we can produce 
examples with the Ai fiber being of multiplicative type I2 and all other irreducible singular fibers 
being nodal (Ii). We list below those types which are not already covered by [Sh4j. To produce 
these examples, we use an embedding of the new part Tnew of the fibral lattice into Ei, which gives 
us any extra conditions satisfied by si, . . . , 57, r. The following multiplicative version of the labeling 
of simple roots of is useful (compare |Sh5) ). 



Q 



S1S2S3 



o '<>vvvy^zzz92 ° o 

£1 £2 £2. £4 £^ £a 

S2 S3 S4 S5 -56 S7 



For instance, to produce the example in line 18 of the table (i.e. with Tnew — D4), we may use the 
embedding into iJy indicated by embedding the 1)4 Dynkin diagram within the dashed lines in the 
figure above. Thus, we must force S2 — S3 — sa^ — S5 and r = S1S2S3, and a simple solution with no 
extra coincidences is given in the rightmost column (note that 57 = 18'^/(2 • 3^ • 5) = 36/5). 



Type in [US] Fibral lattice 



MW group 



2 
4 
7 
10 
13 
14 

17 

18 
21 
22 
24 
28 
29 
30 

33 

34 



AI 

AI 

Ai 0^3 

A\ 
Ai 

Ai ® A4 

Ai ® D4 
AfoAs 
A\ ® A3 



AV 

A\. 



1^5 
^5 

) A^ 
D4 



E*-, 



Dl 



AI 

Dl ® Z/2Z 
Af 

' 3 1 
1 7 
V -1 3 

Af 

® Z/2Z 
Af ® (1/4) 
Af ® Z/2Z 
® Z/2Z 
A\ ® (1/6) 
A\ ® (1/4) 
2 1 
1 3 

® Z/2Z 



{si,...,S6,r} 

3,5,7,11,13,17,2 

3,3,5,7,11,13,2 

3,3,5,5,7,11,2 

3, 3|, 3, 3, 5, 2 

-1,2,3,5,7,49/30,7 

3,3,5,5,7,7,2 

3, 3, 3, 3, 3, 5, 2 

2, 3, 3, 3, 3, 5, 18 

3,5,60,30,30,30,900 

3, 3, 5, 5j 5, 5, 2 

15/4,2,2,3,3,5,15 

2,3,6,6,6,6,36 

2,2,2,2,2,2,3 

2,2,2,2,2,3,8 

2,2,3,3,3,3,12 

2,3,3,3,3,6,18 



MULTIPLICATIVE EXCELLENT FAMILIES FOR £7 OR Eg 



11 



■ in [OS] 


Fibral lattice 


MW group 


{S1,...,S6,''} 


38 


Al 


©^3 


A\ ® (1/4) ® Z/2Z 
Af ® (Z/2Z)2 


2,2,3,3,3,4,12 


42 


At 


6,-1,-1,2,2,3,6 


47 


Al 




(1/14) 


8,8,8,8,8,8,128 


48 


Al 




A\ ® Z/2Z 


1,2,2,2,2,2,4 


49 


Al 


©-Eg 


(1/6) 


2,2,2,2,2,2,8 


52 


Al 


©i's 


(1/4)®Z/2Z 


2,2,2,2,2,4,8 


53 


Al 


©^5 


(1/6)©Z/2Z 


2,2,4,4,4,4,16 


57 


Al 




A\ © (Z/2Z)2 


-1,2,2,2,2,-2,-4 


58 


Al 


®Al 


© Z/4Z 


/,/,/, 7,2, 2, 2 


60 


A\ 


© ^3 


(1/4)© (Z/2Z)2 


2,2,2,2,-1,-1,4 


65 


Al 




Z/2Z 


1,1,1,1,1,1,1 


70 


Al 


© 


Z/4Z 


/,/,/,/,/,/,/ 


71 


Al 




(Z/2Z)2 


1,1,1,1,1,1,-1 


74 


Al 


®A\ 


(Z/2Z) © (Z/4Z) 


/,/,/, 7,-1,-1,-1 



Here / = \/— T. 

Remark 10. For the examples in lines 58, 70 and 74 of the table, one can show that it is not 
possible to define a rational elliptic surface over Q in the form we have assumed, such that all the 
specializations s^, r are rational. However, there do exist examples with all sections defined over Q, 
not in the chosen Weierstrass form. 

The surface with Weierstrass equation 

(c2_l)(t2„l) (c2-l)(t2-l) 2 

2^ + ^2/ + ^ y = ^ + ^ Ta 

16 16 

has a 4-torsion section (0, 0) and a non-torsion section ((c + l)(i'^ — l)/8, (c+ l)^(t — l)^(t + l)/32) 
of height 1/2, as well as two reducible fibers of type I4 and a fiber of type I2. It is an example of 
type 58. 

The surface with Weierstrass equation 

2/^ + + t^y = a;^ + t^x^ 
has a 4-torsion section (0,0), and reducible fibers of types Ig and I2. It is an example of type 70. 
The surface with Weierstrass equation 

has two reducible fibers of type I4 and two reducible fibers of type I2 . It also has a 4-torsion section 
(0, 0) and a 2-torsion section ((4t - l)/8, (4i - 1)^/32), which generate the Mordell-Weil group. It 
is an example of type 74. This last example is the universal elliptic curve with Z/4Z© Z/2Z torsion 
(compare [Kuj). 



4.2. Proofs. We start by considering the coefficients of ^\{X); we know that (— l)*ei is simply 
the i'th elementary symmetric polynomial in the 56 specializations s(Pi). One shows, either by 
explicit calculation with Laurent polynomials, or by calculating the decomposition of A'F (where 
F = V7 is the 56-dimensional representation of iSr), and expressing its character as polynomials 
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in the fundamental characters, the fohowing formulae. Some more details are in Section [7] and the 
auxiliary files. 

ei = -X7 
£2 = X6 + 1 

£3 = ~{X7 + X5) 

£4 = X6 + X4 + 1 

£5 = -(X6 + X3 - X? + Xl + 1)X7 + (Xl - 1)X5 - X2X3 

£6 = XiX? + (X5 - (Xi + 1)X2)X7 + Xe + 2(X3 - X? + Xi + 1)X6 

- X2X5 - (2X1 + 1)X4 + xl + 2(2X1 + 1)X3 
+ X1X2 - 2x? + X? + 2X1 + 1 

£7 = (-(Xi + 1)X6 + 2X4 - 2(xi + 1)X3 + X? - 3X1 - 1)X7 

- 2(X5 - XlX2)X6 - (X3 - Xl + Xl + 2)x5 + 3X2X4 

- (Xi + 3)X2X3 - X2 + (2X1 - l)xiX2- 

On the other hand, we can explicitly calculate the first few coefficients e.^ oi ^xi^) in terms of the 
Weierstrass coefficients, obtaining the following equations. Details for the method are in Section [S) 

£1 = -93 

£2 = + 12p2 - (?2 + 28 

€3 = -3(2p2 + 9)^3 -qi+ 2pi(p2 + 5) 

£4 = 9ql - 6piq3 - 2^2 -qa+ Spl + &6pl + 2{po + 156)^2 + pj + Wpo + 378 

eg = (8g2 - 20pl - f 74p2 - 7pa - 351)g3 - 2pi<Z2 + 6{p2 + 4)<Zi 
+ f 4piP2 + 108piP2 + 2(po + 101)pi 

eg = 12(4p2 + 15)q| - (5qi + 38piP2 + 140pi)g3 + 4g| 

+ (Wpl + 96p2 - 4po + 155)(72 + 2pigi + 3(4p2 + 17)9o + 28p| + 360pi 
+ (4po + 1765)p^ + 2(4p2 + 21po + 1950)p2 + 29pl + pi + 88po + 3276 

€7 = -36qf + 42pig2 + (4^2 - 20go - 56p^ - 628p^ - f4(po + 168)p2 - 16pl 
- 46po - 2925)^3 + (3qi + 6piP2 + 20pi)g2 + (2fp^ + f 62p2 - Po + 323)qi 
+ 6pigo + 42pip3 + 448pip^ + 2(po + 799)piP2 + 2p? + 6(po + 3f 6)pi. 

Equating the two expressions we have obtained for each e^, we get a system of seven equations, the 
first being 

-X7 = -q-i- 

We label these equations (1),...,(7). The last few of these polynomial equations are somewhat 
complicated, and so to obtain a few simpler ones, we may consider the 126 sections of height 2, 
which we analyze as follows. Substituting 

X = at^ + + c 

y ^dt^ + et^ + ft + g 
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in to the Weierstrass equation, we get another system of equations: 

= + ad 
Sa^b = {2d + a)e + bd 
a{p2 + Sac + 35^) = {2d + a)f + + 6e + cd + 1 
q-i + bp2 + api + 6abc + 6^ = {2d + a)g + (2e + b)f + ce 
92 + cp2 + bpi + apo + 3ac^ + Zb^c = (2e + b)g + f + cf 
qi + cpi + bpo + 3bc^ = (2/ + c)g 
qa + cpo + = g'^. 

The specialization of such a section at t = (X) is 1 + a/d. Setting d — ar, we may as before ehminate 
other variables to obtain an equation of degree 126 for r. Substituting r = l/{u~ 1), we get a monic 
polynomial '^\{X) = of degree 126 for u. Note that the roots are given by elements of the form 

— , — for 1 < i < 7, — for 1 < i 7^ j < 7 and ^1^1^^ ^ for 1 < i < j < fc < 7. 

T Si Sj T SiSjS]^ 



As before, we can write the first few coefficients rji of ^ \ in terms of A = (po, • ■ • , 93), as well as in 
terms of the characters Xj, obtaining some more relations. We will only need the first two: 

-Xi + 7 = ?7i = -18 - 6p2 
-6x1 + X3 + 28 = r/2 = po + 72p2 + Upl - (72 + 99 

which we call (1') and (2') respectively. 

Now we consider the system of six equations (1) through (4), (1') and (2'). These may be solved 
for {p2,Po,q3,q2,qi,qo) in terms of the Xj ^nd pi. Substituting this solution into the other three 
relations (5), (6) and (7), we obtain three equations for pi, of degrees 1, 2 and 3 respectively. These 
have a single common factor, linear in pi, which we then solve. This gives us the proof of Theorem 

m 

The proof of Theorem [5] is now straightforward. Part (1) asserts that the image of px is surjective 
on to W{Ej): this follows from a standard Galois theoretic argument as follows. Let F be the fixed 
field of W{Ey) acting on k\ ~ Q(A)(si, . . . , sg, r) — Q(si, . . . , se, r), where the last equality follows 
from the explicit expression of A = {po, . . . , qs) in terms of the Xi, which are in Q(si, . . . , sq, r). 
Then we have that kg G F since po, • • • , 93 are polynomials in the Xi with rational coefficients, and 
the Xi are manifestly invariant under the Weyl group. Therefore [k\ : kg] > [kx : F] = |W^(£'7)|, 
where the latter equality is from Galois theory. Finally, [k\ : ko] < |Gal(fcA/fco)| < |W^(£'7)|, since 
Gal(fcA/fco) ^ W{E7). Therefore, equality is forced. 

Another way to see that the Galois group is the full Weyl group is to demonstrate it for a special- 
ization, such as Example [SJ and use [Sel Section 9.2, Prop 2]. 

Next, let Y be the toric hypersurface given by Si . . . S7 = r"^. Its function field is the splitting field of 
^x{X), as we remarked above. We have seen that Q{Y)^'-^''^ = fco = Q(A). Since <i>A(-'^) is a monic 
polynomial with coefficients in Q[A], we have that Q[Y] is integral over Q[A]. Therefore Q[y]^(^^) 
is also integral over Q[A], and contained in = ko = Q(A). Since Q[A] is a polynomial 

ring, it is integrally closed in its ring of fractions. Therefore (Q[r]^(^^) c Q[A]. 
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We also know Q[x] = Q[xi, • • • i Xt] C Q[F]^(^^\ since the Xj a^re invariant under the Weyl group. 
Therefore, we have 

QM c Q[y]^(^^) c Q[A] 

and Theorem[Sl which says Q[x] = Q[A], imphes that ah these three rings are equaL This completes 
the proof of Theorem [S] 

Remark 11. Note that this argument gives an independent proof of the fact that the ring of 
multiplicative invariants for W{Ey) is a polynomial ring over xi, • ■ • , X7- See (Bj Theoreme VI. 3.1 
and Exemple 1] or [L| Theorem 3.6.1] for the classical proof that the Weyl-orbit sums of a set of 
fundamental weights are a set of algebraically independent generators of the multiplicative invariant 
ring; from there to the fundamental characters is an easy exercise. 

Remark 12. Now that we have found the explicit relation between the Weierstrass coefficients and 
the fundamental characters, we may go back and explore the "genericity condition" for this family 
to have Mordell-Weil lattice E^. To do this we compute the discriminant of the cubic in x, after 
completing the square in y, and take the discriminant with respect to t of the resulting polynomial 
of degree 10. A computation shows that this discriminant factors as the cube of a polynomial A{X) 
(which vanishes exactly when the family has a fiber of additive reduction, generically type II) , times 
a polynomial i?(A), whose zero locus corresponds to the occurrence of a reducible multiplicative 
fiber. In fact, we calculate (for instance, by evaluating the split case), that B{X) is the product of 
(e" — 1), where a runs over 126 roots of Er- We deduce by further analyzing the type II case that 
the condition to have Mordell-Weil lattice E^ is that 

n(e"-l) = vl,,(l)^0. 

Note that this is essentially the expression which occurs in Weyl's denominator formula. In addition, 
the condition for having only multiplicative fibers is that *I'a(1) and A{X) both be non-zero. 

Finally, the proof of Theorem IH] follows immediately from the discussion in |Sh6[ IShT] (compare |Sh7[ 
Section 2.3] for the additive reduction case). 

5. The £'§ case 

5.1. Results. Finally, we show a multiplicative excellent family for the Weyl group of Eg. It is 
given by the Weierstrass equation 

y2 ^ + + {po + Pit + p2t^) x + {qo+ qit + q2t^ + q^t^ + q^t'^ +t^). 

For generic A = {po, ■ ■ ■ ,P2,qQ, ■ ■ ■ ,^4), this rational elliptic surface X\ has no reducible fibers, 
only nodal Ii fibers at twelve points, including t = 00. We will use the specialization map at cxi. 
The Mordell-Weil lattice M\ is isomorphic to the lattice Eg- Any rational elliptic surface with a 
multiplicative fiber of type Ii may be put in the above form (over a small degree algebraic extension 
of the base field), after a fractional linear transformation of t and Weierstrass transformations of 
x,y. 

Lemma 13. The smooth part of the special fiber is isomorphic to the group scheme Gm- The 
identity component is the non-singular part of the curve y'^ = x^ + x'^ . A section of height 2 has x- 
and y-coordinates polynomials of degrees 2 and 3 respectively, and its specialization at t — 00 may 
he taken as limt_,.oo {y + tx) /{y — tx) G k* . 
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The proof of the lemma is similar to that in the Ej case (and simpler!), and wc omit it. 
There are 240 sections of minimal height 2, with x and y coordinates of the form 

X = gt^ + at + b 

y = ht^ + cf + dt + e. 

Under the identification with of the special fiber of the Neron model, this section goes to 
{h + g)/{h — g). Substituting the above formulas for x and y into the Weierstrass equation, we get 
the following system of equations. 

h^=g^ + g^ 
2ch = 3ag^ + 2ag + 1 
2dh + =q4+ gp2 + 3bg'^ + (26 + 3a^)g + 
2eh + 2cd = 93 + ap2 + gpi + 6abg + 2ab + 
2ce + =q2 + bp2 + api + gpa + Zb^g + 6^ + 2>a^b 
2de = qi + bpi + apo + 3a6^ 
= go + bpo + b^. 

Setting h = gu, we eliminate other variables to obtain an equation of degree 240 for u. Finally, 
substituting in u = {v + l)/{v — 1), we get a monic reciprocal equation ^x{X) = satisfied by v, 
with coefBcients in Z[A] = Z[po, • • • ,P2, 90, • • • ; 94]- We have 

240 

$a(X) = - = + ^1^'"" + • • • + eiX + eo, 

i=l 

where P ranges over the 240 minimal sections of height 2. It is clear that a,...,h are rational 
functions of v, with coefBcients in ko- 

We have a Galois representation on the Mordell-Weil lattice 

px ■■ Gal(fc/fco) Aut(MA) = Aut(£8)- 

Here Aut(ii;8) = W{Es), the Weyl group of type Es- The splitting field of Mx is the fixed field kx 
of Ker(pA). By definition, Gal(fcA/fco) = lm{px). The splitting field kx is equal to the splitting field 
of the polynomial ^x{X) over fco, since the Mordell-Wcil group is generated by the 240 sections of 
smallest height Pi — {git^ + ait + bi.hit^ + at^ + dit + e^). We also have that 

fcA = A:o(Pl, . . . ,P24o) = ko{vi, . . . ,W24o)- 

Theorem 14. Assume that A is generic over Q, i.e the coordinates po,...,qi are algebraically 
independent over Q. Then 

(1) Px induces an isomorphism Ga\{kx/ko) = W{Es)- 

(2) The splitting field kx is a purely transcendental extension of Q, isomorphic to the function 
field Q{Y) of the toric hypersurface Y C defined by Si . . .Ss = r^. There is an action of 
W{Es) on Y such that Q(y)^(^«) = k^^^'^ = ko- 

(3) The ring of W{Es) -invariants in the affine coordinate ring 

Q[Y] = Q[si, r, 1/si, l/r]/(si . . . sg - r^) ^ Q[si, . ..,sr,r,s^\..., sf \ r"!] 
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is equal to the polynomial ring 



As in the case, we prove an explicit, invertible polynomial relation between the Weierstrass coef- 
ficients A and the fundamental characters for Eg- Let Vi, . . . , Vg be the fundamental representations 
of Eg, and xi, • • ■ , Xs their characters as labelled below. 

O 2 

O O O O O O O 

1 3 4 5 6 7 8 

Again, for the set of generators of Eg, we choose (as in |Sh5j ) vectors vi, . . . ,vs,u with ^ = 3u 
and let Si correspond to Vi and r to u, so that Ylsi = r^. The 240 roots of ^\{X) are given by 

1 s- 
St, — for 1 < z < 8, — for 1 < i 7^ j < 8, 

Si Sj 

for 1 < i < j < 8 and for 1 < i < j < /c < 8. 

T SiSj T SiSjS}i 

The characters Xii • • • j X7 li^ in the ring of Laurent polynomials Q[si, r, l/si, and are invariant 
under the multiplicative action of the Weyl group on this ring of Laurent polynomials. The Xi may 
be explicitly computed using the software LiE, as indicated in Section [7] and the auxiliary files. 

Theorem 15. For generic A over Q, we have 

Qlxi, ■ • ■ ,X8] = Q[pq,pi,P2, qo, qi, q2, q3, qi]- 

The transformation between these sets of generators is 
Xi = -1600^4 + 1536p2 + 3875 

X2 = 2(-45600g4 + 12288^3 + 40704p2 - 16384pi + 73625) 

X3 = 64(14144g^ - 72(384p2 + 1225)^4 + 11200^3 - 4096^2 + 13312p^ 

+ 87072^2 - 17920pi + 16384po + 104625) 
X4 = -9175040091 + 12288(25600p2 + 222101)?^ - 256(4530176g3 - 65536^2 
+ 1392640p^ + 21778944p2 - 8159232pi + 2621440j5o + 34773585)^4 
+ 32(4718592^2 + 384(80896p2 - 32768pi + 225379)^3 - 29589504^2 
+ 30408704^1 - 33554432^0 + 4194304p^ + 88129536p^ 
- 64(876544pi - 262144po - 4399923)p2 + 8388608p? - 133996544pi 
+ 65175552po + 215596227) 
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X5 = 24760320g^ - 64(106496g3 + 738816p2 - 163840pi + 2360085)^4 
+ 12288(512p2 + 4797)^3 - 30670848^2 + 16777216gi + 20250624p2 
- 512(16384pi - 235911)p2 - 45154304pi + 13631488po + 146325270 

X6 = 110592g| - 1536(128p2 + 1235)g4 + 724992^3 - 262144^2 + 65536^2 
+ 1062912p2 - 229376pi + 2450240 

X7 = -4(3920g4 - 1024^3 - 1152^2 - 7595) 

X8- -8(8(74-31). 

Remark 16. We omit the inverse for conciseness here; it is easily computed in a computer algebra 
system and is available in the auxiliary files. 

Remark 17. As before, our explicit formulas are compatible with those in [ES . Also, the proof of 
Theorem [Ml gives another proof of the fact that the multiplicative invariants for W{Es) are freely 
generated by the fundamental characters (or by the orbit sums of the fundamental weights). 

Example 18. Let ^ = (2 • 3 • 5 • 7 • 11 • 13 • 17 • 19) = 9699690. 

94 = -2243374456559366834339/(2^ • n'^) 

qs = 430800343129403388346226518246078567/(2" • ^i^) 

q2 = 72555101947649011127391733034984158462573146409905769/(222 . 3^ • /i'') 
qi = (-12881099305517291338207432378468368491584063772556981164919245 
30489)/(229.3-^^) 

qo = (8827176793323619929427303381485459401911918837196838709750423283 
443360357992650203) /(2'*2 . 33 . ^e^, 

P2 = 146156773903879871001810589/(2^ ■ 3 • a*^) 

pi = -24909805041567866985469379779685360019313/(220. /i3) 

po = 14921071761102637668643191215755039801471771138867387/(223 • 3 • /) 

These values give an elliptic surface for which we have r = 2, si = 3, S2 = 5, S3 = 7, S4 = 11, S5 = 
13, sq = 17, s^ = 19, the simplest choice of multiplicatively independent elements. Here, the special- 
izations of a basis are given by w e {3, 5, 7, 11, 13, 17, 19, 15/2}. Once again, we list the x-coordinates 
of the corresponding sections, and leave the remainder of the verification to the auxiliary files. 

x{Pi) ^ 3t^ - (99950606190359/620780160)i 

+4325327557647488120209649813/2642523476911718400 
xiP2) = (5/4)t2 - (153332163637781/1655413760)t 

+5414114237697608646836821/5138596941004800 
x{P3) = (7/9)t2 - (203120672689603/2793510720)^ 

+6943164348569130636788638639/7927570430735155200 
x{Pi) ^ (ll/25)t2 - (8564057914757/147804800)^ 

+ 115126372233675800396600989/155442557465395200 
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x{P5) = (13/36)^2 - (347479008951469/6385167360)* 

+ 157133607680949617374030405417/221971972060584345600 
x{Pe) = (17/64)^2 - (1327421017414859/26486620160)t 

+5942419292933021418457517303/8901131711702630400 
xiPr) = (19/81)^2 - (489830985359431/10056638592)t 

+46685137201743696441477454951/71348133876616396800 
x{Ps) = (120/169)*^ - (30706596009257/440806080)* 

+76164443074828743662165466409/55823308449760051200. 

Example 19. The value A = Aq := (1, 1, 1, 1, 1, 1, 1, 1) gives rise to an explicit polynomial g{X) = 
^\g{X), for which we can show that the Galois group is W{Es), as follows. The reduction of g{X) 
modulo 79 shows that Frobyg has cycle decomposition of type (4)^(8)^^, and similarly, Frobivg has 
cycle decomposition of type (15)^^. We deduce, as in |JKZ( Section 3] or |Sh8) . that the Galois 
group is the entire Weyl group. Since the coefficients of g{X) are large, we do not display it here, 
but it is included in the auxiliary files. 

As in the case of Ej, we can also describe degenerations of this family of rational elliptic surfaces 
Xx by the method of "vanishing roots" , where we drop the genericity assumption, and consider the 
situation where the elliptic fibration might have additional reducible fibers. Let i/; : Y he the 

finite surjective morphism associated to 

Q[po, ...,q4]^ Q[Y] - Q[si, ...,S7,r,s^\..., s^\ r^^]. 

For ^ = (si, . . . , S8,r) e F, let the multiset 11^ consist of the 240 elements Si and l/si (for 1 < i < 8), 
Si/sj (for 1 < * 7^ J < 8), SiSj/r and r/{siSj) (for 1 < i < j < 8) and SiSjSk/r and r/{siSjSk) for 
l<i<j<A:<8, corresponding to the 240 roots of Eq. Let 2i/(^) be the number of times 1 appears 
in n^, which is also the multiplicity of 1 as a root of ^\{X), with A = ip{£,)- We call the associated 
roots of E^ the vanishing roots, in analogy with vanishing cycles in the deformation of singularities. 
By abuse of notation we label the rational elliptic surface X\ as X^. 

Theorem 20. The surface X^^ has new reducible fibers (necessarily at t ^ oo) ij and only ifv{C) > 0- 
The number of roots in the root lattice T„e„ is equal to 2v(£^), where T^ew '■— ®v^>x,Tv is the new 
part of the trivial lattice. 



We may use this result to produce specializations with trivial lattice corresponding to most of the 
entries of |OS| . and a nodal fiber. Below, we list those types which are not already covered by 
[Sh2l ISh4] or our examples for the E-j case, which have an I2 fiber. 



in [0^ 


Fibral lattice 


MW group 


{si,...,S6,r-} 


1 





Eg 


3,5,7,11,13,17,19,2 


5 


^3 


Dl 


2,2,2,2,5,7,11,3 


8 


Ai 


Al 


2,2,2,2,2,5,7,3 


15 


A5 




2,2,2,2,2,2,5,3 


16 


D5 


Al 


2,3,3,3,3,3,5,18 


25 


Ae 


t(-i 2') 


2,2,2,2,2,2,2,3 


26 


De 


Af 


2, 3, 3, 3, 3,3, 3, 18 


35 


Al 


©Z/2Z 


2,-1/2,3,3,3,1,1,-3 
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l/^O 1 

m |(JS] 


_bibral lattice 


MW group 


{si,...,S6,r} 


ob 


A3 


/I //i\ 
(1/4) 








^1 




44 


Ay 


A5: ® Z/2Z 


2,2,2,2,2,2,2,-8 


45 


A-j 


(1/8) 


8,8,8,8,8,8,8,256 


46 


Dr 


(1/4) 


2,4,4,4,4,4,4,32 


54 


A3 ® Di 


(1/4) ®Z/2Z 


2,-1,-1,-1,-1,1,1,2 


55 


A3 ® yl4 


(1/20) 


16,16,16,16,32,32,32,4096 


62 







1,1,1,1,1,1,1,1 


63 


As 


Z/3Z 


1,1,1,1,1,1,1,C3 


64 




Z/2Z 


1,1,1,1,1,1,1,-1 


67 


Al 


Z/5Z 


I7 1, Ij 1: C5, C5, Cs, Cf 


72 


A3® i?5 


Z/4Z 


1,1,1,/,/,/,/,-/ 



Here Cs, / and Cs a-re primitive third, fourth and fifth roots of unity. 

Remark 21. As before, for the examples in fines 63, 67 and 72 of the table, one can show that it 
is not possible to define a rational eUiptic surface over Q in the form we have assumed, such that 
afi the specializations Si,r are rational. However, there do exist examples with ah sections defined 
over Q, not in the chosen Weierstrass form. 



The surface with Weierstrass equation 



y"^ +xy + t^y = 



has a 3-torsion point (0,0) and a fiber of type Ig. It is an example of type 63. 
The surface with Weierstrass equation 

y"^ + {t + l)xy + ty^x^+ tx^ 
has a 5-torsion section (0,0) and two fibers of type I5. It is an example of type 67. 

The surface with Weierstrass equation 

, t^{t- 1) . tit - 1) „ 

y^ + txy H ^ -y = x'^ + -x^ 

y y y 16 

has a 4-torsion section (0, 0), and two fibers of types I4 and I^^. It is an example of type 72. 

Remark 22. Our tables and the one in jSh4j cover all the cases of [OS) , except lines 9, 27 and 73 
of the table, with trivial lattice £'4, Eq and D\ respectively. Since these have fibers with additive 
reduction, examples for them may be directly constructed using the families in [Sh2] . For instance, 
the elliptic surface 

2 3 _.2 

y — X — xt 

has two fibers of type Ig and Mordell-Weil group (Z/2Z)'^. This covers line 73 of the table. For the 
other two cases, we refer the reader to the original examples of additive reduction in Section 3 of 
[Sh2] . 



5.2. Proofs. The proof proceeds analogously to the Ey case: with two differences: we only have 
one polynomial ^\{X) to work with (as opposed to having ^\{X) and \{X))^ and the equations 
are a good deal more complicated. 

We first write down the relation between the coefficients e.^, 1 < i < 9, and the fundamental 
invariants Xj; as before, we postpone the proofs to the auxiliary files and outline the idea in Section 
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[71 Second, we write down the coefficients ei in terms of A = (po, • • ■ ,P2,<Zo, • • • ,94); see Section |6] 
for an explanation of liow this is carried out. In the interest of brevity, we do not write out either 
of these sets of equations, but relegate them to the auxiliary computer files. Finally, setting the 
corresponding expressions equal to each other, we obtain a set of equations (1) through (9). 

To solve these equations, proceed as follows: first use (1) through (5) to solve for go, . . . , 94 in terms 
of Xj and po,_pi,_P2- Substituting these in to the remaining equations, we obtain (6') through (9'). 
These have low degree in po, which we eliminate, obtaining equations of relatively small degrees in 
Pi and p2. Finally, we take resultants with respect to pi, obtaining two equations for p2, of which 
the only common root is the one listed above. Working back, we solve for all the other variables, 
obtaining the system above and completing the proof of Theorem [151 The deduction of Theorem [Ml 
now proceeds exactly as in the case of E7. 

Remark 23. As in the Ej case, once we find the explicit relation between the Weierstrass coefficients 
and the fundamental characters, we may go back and explore the "genericity condition" for this 
family to have Mordell-Weil lattice isomorphic to Es- To do this we compute the discriminant of 
the cubic in x, after completing the square in y, and take the discriminant with respect to t of the 
resulting polynomial of degree 11. A computation shows that this discriminant factors as the cube 
of a polynomial ^(A) (which vanishes exactly when the family has a fiber of additive reduction, 
generically type II), and the product of (e" — 1), where a runs over minimal vectors of Eg. Again, 
the genericity condition to have Mordell-Weil lattice exactly Eg is just the nonvanishing of 

$A(i)=n(^"-i)' 

the expression which occurs in the Weyl denominator formula. Furthermore, the condition to have 
only multiplicative fibers is that ^\{1)A{X) 7^ 0. 

As before, the proof of Theorem [20l follows immediately from the results of |Sh6[ IShT] . by degener- 
ation from a fiat family. 

6. Resultants, Interpolation and Computations 

We now explain a computational aid, used in obtaining the equations expressing the coefficients of 
^\ (for Es) or ^1^;^ (for £^7) in terms of the Weierstrass coefficients of the associated family of rational 
elliptic surfaces. We illustrate this using the system of equations obtained for sections of the Eg 
family: 





= 9' + 


9' 






2ch 




+ 2ag + 1 






(? ^ 2dh 


-94 + 


gp2 + 3bg^ 


+ i2b- 


1- 3a^)g + c? 


2eh + 2cd 


= 93 + 


ap2 + 9Pi ^ 


- Qabg 


+ 2ab + 


2ce -\- (f 


= (72 + 


bp2 + api -i 


-9Po + 


3b^g + b^ + 3aH 


2de 


= qi + 


bpi + apa 4 








= 90 + 


bpo + b^. 







Setting h — gu and solving the first equation for g we have g = — 1. We solve the next three 
equations for c,d,e respectively. This leaves us with three equations Ri{a,b,u) — R2{a,b,u) — 
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i?3(a, b, u) = 0. These have degrees 2, 2, 3 respectively in h. Taking the appropriate hnear combina- 
tion of i?i and i?2 gives us an equation Si{a, &, u) = which is hnear in b. Similarly, we may use Ri 
and i?3 to obtain another equation 6*2(0, 6, u) = 0, linear in b. We write 

5*1(0, 6, u) = sii(a, + sio(a, u) 

5*2(0, u) — S2i(a, m)6 + S2o(a, u) 

Ri{a, b, u) — r2(a, + Ti(a, u)b + ro(a, m). 

The resultant of the first two polynomials gives \is an equation 

Ti(a, u) = S11S20 - S10S21 = 

while the resultant of the first and third gives us 

T2(a, u) = r2Sio - nsiosii + roSn = 0. 

Finally, we substitute u = {v + l)/{v — 1) throughout, obtaining two equations Ti{a,v) = and 
f'2(a,v) = 0. 

Next, we would like to compute the resultant of Ti(a, w) and T2{a,v), which have degrees 8 and 9 
with respect to a, to obtain a single equation satisfied by v. However, the polynomials Ti and T2 
arc already fairly large (they take a few himdrcd kilobytes of memory), and since their degree in 
a is not too small, it is beyond the current reach of computer algebra systems such as gp/PARI or 
Magma to compute their resultant. It would take too long to compute their resultant, and another 
issue is that the resultant would take too much memory to store, certainly more than is available 
on the authors' computer systems (for instance, it would take more than I6GB of memory). 

To circumvent this issue, what we shall do is to use several specializations of A in Q*. Once we 
specialize, the polynomials take much less space to store, and the computations of the resultants 
becomes tremendously easier. Since the resultant can be computed via the Sylvester determinant 



as 




02 


ai 


ao 
















as 




02 


ai 


ao 


















as 




a2 


ai 


ao 
















as 




02 


ai 


ao 


69 






&2 


h 


bo 













69 






62 


bi 



































69 






62 


bi 


bo 



where Ti{a,v) = ^aj(?;)a' and T2{a,v) = ^6i(w)a% we see that the resultant is a polynomial 
Z{v) = ZiV^ with coefficients Zi being polynomials in the coefficients of the a^ and the bj, which 
happen to be elements of Q[A] (recall that A = {po, . . . ,p2,Qo, ■ ■ ■ jQi))- Furthermore, we can bound 
the degrees mi{j) of Zi{v) with respect to the j'th coordinate of A, by using explicit bounds on the 
multidegrees of the a^ and bi. Therefore, by using Lagrange interpolation (with respect to the eight 
variables Xj) we can reconstruct Zi{v) from its specializations for various values of A. The same 
method lets us show that Z{v) is divisible by v^^ (for instance, by showing that zq through ^21 are 
zero), and also by (u + 1)®° (by first shifting w by 1 and then computing the Sylvester determinant, 
and proceeding as before), as well as by {v-^ + v + 1)* (this time, using cube roots of unity). Finally, 
it is clear that Z{v) is divisible by the square of the resultant G{v) of sn and sio with respect to 
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a. Removing these extraneous factors, we get a polynomial $A('y) which is monic and reciprocal of 
degree 240. We compute its top few coefficients by this interpolation method. 

Finally, we note the interpolation method above in fact is completely rigorous. Namely, let ei(A) 
be the coefficient of in with bounds {mi,...,ms) for its multidegree, and e^(A) is the 

putative polynomial we have computed using Lagrange interpolation on a set Li x • • • x Lg, where 
Li = {iifl, ■ ■ ■ 7^i,mi} for 1 < i < 8 are sets of integers chosen generically enough to ensure that G{v) 
has the correct degree and that Z{v) is not divisible by any higher powers of u, w + 1 or + w + 1 
than in the generic case. Then since £^ (£1,^^, . . . , ^s.zg) = ^'ji^iM^ ■ • ■ ' ^8, is) choices of ii, . . . , ig, 

we see that the difference of these polynomials must vanish. 

7. Representation theory, and some identities in Laurent polynomials 

Finally, we demonstrate how to deduce the identities relating the coefficients oi^E7,\{X) or 'i>Er,\{X) 
to the fundamental characters for Ey (and similarly, the coefficients of $_Eg.A(x) to the fundamental 
characters oi Eg). 

Conceptually, the simplest way to do this is to express the alternating powers of the 56-dimensional 
representation Vj or the 133-dimensional representation Vi in terms of the fundamental modules of 
i?7 and their tensor products. We know that the character xi oi Vi is 7 + ^ e", where the sum is 
over the 126 roots of E^. Therefore we have (— l)?7i = Xi — 7. For the next example, we consider 
A'^Vi —Vs^Vi. This gives rise to the equation 



which gives the relation 772 = X3 ~ 6x1 + 28. 

A similar analysis can be carried out to obtain all the other identities used in our proofs, using the 
software LiE, available from http://www-math.univ-poitiers.fr/~maavl/LiE/. 

A more explicit method is to compute the expressions for the Xi as Laurent polynomials in si, se^r 
(note that S7 ~ r^/ (si . . . sq)), and then do the same for the or rji. The latter calculation is simpli- 
fied by computing the power sums (for ck running over the smallest vectors of E^ or Ei), for 
1 < I < 7 and then using Newton's formulas to convert to the elementary symmetric polynomials, 
which are (— l)*ei or (— l)'?;^. Finally, we check the identities by direct computation in the Laurent 
polynomial ring (it may be helpful to clear out denominators) . This method has the advantage that 
we obtain explicit expressions for the Xi (and then for A by Theorem [6]) in terms of si, . . . ,S6,r, 
which may then be used to generate examples such as Example [Tj 



We thank David Vogan for very helpful comments regarding computations in representation theory. 
The computer algebra systems gp/PARI, Magma, Maxima and the software LiE were used in the 
calculations for this paper. We thank Matthias Schiitt and the referees for a careful reading of the 
paper and for many helpful comments. 

The auxiliary computer files for checking our calculations are available from the arXiv . org e-print 
archive, where it is file number arXiv.org: 1204. 1531. To access the auxiliary files, download the 
source file for the paper. This will produce not only the file for this paper, but also the 

computer code. The file README.txt gives an overview of the various computer files involved. 
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